INTRODUCTION
It is common in mathematics for a subject to have its local and global aspects; such is the case in group theory. For example, the structure and embedding of subgroups of a group G may be usefully thought of as part of the local structure of G while the normal subgroups, quotient groups and conjugacy classes are relevant to the global structure of G. Furthermore, the connections between local and global structure are very important. In the study of these relations, the methods of representation theory and transfer are very useful. The application of these techniques is often based upon results concerning the fusion of elements. (Recall that two elements of a subgroup H of a group G are said to be ficsed if they are conjugate in G but not in H.) Indeed, the formula for induced characters clearly illustrates this dependence. However, more pertinent to the present work, and also indicative of this connection with fusion, is the focal subgroup theorem [8] : if P is a Sylow p-subgroup of a group G then P n G' is generated by all elements of the form a-lb, where a and b are elements of P conjzgate in G. Hence, this result, an application of transfer, shows that the fusion of elements of P determines P n G' and thus P/P n G' which is isomorphic with the largest Abelian p-quotient group of G.
It is the purpose of this paper to demonstrate that the fusion of elements of a Sylow subgroup P is completely determined by the normalizers of the nonidentity subgroups of P. Therefore, P/P n G', a global invariant of G, is completely described by the local structure of G. A weak form of our main result is as follows : if a and b are elements of a Sylow subgroup P of the group G and a and b are conjugate in G, then there exist elements a, ,..., a,,, of P and subgroups HI ,..., H,, of P such that a = a, , b = a, and ai and U~+~ are contained in Hi and cmjugate in N(H,), 1 < i < m -1. We shall strengthen this theorem in several ways. First, the result applies to arbitrary subsets of P as well as to elements. Second, only very special types of subgroups need appear as the H.+ and, finally, the elements which conjugate ai into a,+r are not of an arbitrary nature. These refinements will be useful in the derivation of many of the classical theorems of Frobenius, Burnside, and Grun on p-quotient groups. Furthermore, this theorem is quite relevant to the eighth of Brauer's problems [Xj. Indeed, given a p-group P, the question is to determine which "patterns of fusion" may occur in P when P is a Sylow p-subgroup of a group. Our results give some limitations on the number of possibilities.
At this point we should like to give an example of the phenomenon just described above. Let p be a prime and let G = GL(3,p), the 3-dimensional general linear group over the field of p elements. Let P be the subgroup of upper triangular matrices whose main diagonal have only the entry "1"
appearing so that P is Sylow p-subgroup of G. Let so that a, b, and c are elements of P. Since these matrices have the same
Jordan canonical form (a 2-dimensional and a l-dimensional block for the eigenvalue "1") they are conjugate in G (matrix similarity simply being the conjugacy relation). However, a and b generate P and are not conjugate in N(P), the group of all upper triangular matrices. Thus, there is no single subgroup H of P which contains a, and b is such that a and b are conjugate in N(H). However, if we let a, = a, a2 = c, and a3 = 6, let HI be the subgroup of P generated by a, and a2 , and let H, be the subgroup of P generated by a2 and a3 , then a, and a, are conjugate in N(H,) while a2 and a3 are conjugate in N(H,).
The method employed in the proof of our main theorem is classical and is simply a sequence of applications of Sylow's theorem to the normalizers of p-subgroups.
Our proof is based upon Sylow's theorem and the fact that proper subgroups of p-groups are proper subgroups of their normalizers. For this reason and in view of a theorem of Wielandt [10] , all our results are easily generalized to theorems about nilpotent Hall subgroups.
In order to understand and motivate what is to follow, it is convenient to use a theorem of Burnside as a model. Burnside showed ([4& p. 327) that if P is a Sylow p-subgroup of a group G and P is in the center of N(P) then G has a normal p-complement (that is, a normal subgroup N such that P n N = 1 and G = PN). The proof of this result falls into three parts.
First, Sylow's theorem is required. Second, an application of this result to the centralizers of elements of P shows that two elements of P are conjugate in G if and only if they are conjugate in N(P). Thus, a theorem on fusion is a consequence of Sylow's theorem. Finally, transfer yields the desired conclusion from this fusion result. We shall proceed in a similar fashion. The key lemma is, in fact, a strengthening of Sylow's theorem and we derive our general result on fusion from it. Finally, by means of transfer, in the form of the focal subgroup theorem, we shall derive many corollaries.
In addition to proving standard theorems by our methods, we shall demonstrate a few entirely new results. To describe these, let P be a Sylow p-subgroup of the group G and let P* be a proper subgroup of P n G'. The following assertions then hold: P n G' is gen@ated by the subgroups [H, N(H)] as H runs over all the subgroups of P. Thus, there exists a subgroup H of P such that [H, N(H)] 6 P*. Furthermore, P n G' is generated by the subgroups P n N(H)' as H funs over all the nonidentity subgroups of P. In general, one would like to improve this last result by choosing a nonidentity subgroup H of P such that P n G' = P n N(H)'. For example, Grun's second theorem gives a sufficient condition for the center of P to be such a subgroup. A general theorem of this nature, which appears in [2] , is also dependent on the techniques we shall now develop. The organization of the paper is as follows. Section 2 contains a series of technical lemmas on the conjugacy of Sylow subgroups as well as several useful concepts of subordinate interest. However, that section contains the heart of the proof of our main theorem. The third part is devoted to the statement and proof of that result, while Section 4 contains the derivations of many old and new theorems from the Main Theorem.
The next part contains a generalization and axiomization of the methods of Section 2. This will be used to prove several versions of our conjugacy result as stated above, one of which will then lead to a short new proof of Grun's second theorem. The last section is devoted to some concluding remark and questions.
We shall now summarize our notation, all of which is standard. If G is a group, then G' will denote the derived group of G and Z(G) the center of G.
If H and K are subgroups or subsets of G, then [H, K] is the subgroup of G generated by all the elements [h, k] = h-%-lhk as h and K run over Hand K, respectively.
Furthermore, if x and y are elements of G then xy = y-ixy so that [x, y] = zc-%c~. We shall denote N,(K) and C,(K) for the normalizer and centralizer of K in H while N(K) and C(K) will be the normalizer and centralizer of K in G. 
Sy~ow INTERSECTIONS
The most important part of the proofs of our results will be established in this section in a series of five lemmas, the last of which is the culmination of the preceding ones and the only one needed later in the paper. We shall begin by introducing several concepts and giving some examples. Throughout this section we will let G denote a fixed finite group, p a prime divisor of / G / and P a fixed Sylow p-subgroup of G. DEFINITION 2.1. If Q and R are Sylow p-subgroups of G then we shall say that Q n R is a tame intersection provided that Na(Q n R) and NR(Q n R)
are Sylow p-subgroups of N(Q n R).
Note that this definition depends not just on the subgroups Q R R but on the particular way it is described. Thus, when we say that Q n R is a tame intersection we shall mean with respect to Q and R, and not necessarily with respect to two other Sylow p-subgroups which also intersect in Q n R.
Each Sylow p-subgroup is itself a tame intersection; indeed, if Q is such a subgroup then Q = Q n Q demonstrates this at once. However, there are other tame intersections. Indeed, suppose that R is a Sylow p-subgroup other than Q such that Q n R is a maximal Sylow intersection with Q; that is, Q n R < Q n S, for a Sylow p-subgroup S, implies that Q = S or Q n R = Q n S. In this case Q n R is a tame intersection. Indeed, we may see this as follows: If No(Q n R) is not a Sylow p-subgroup of N(Q n R) then let T be a Sylow p-subgroup of N(Q n R) containing N&Q n R) and let U be a Sylow p-subgroup of G containing T. Thus, T $ Q so U # Q and Q n U properly contains Q n R, a contradiction. Hence, we will have shown that Q n R is a tame intersection once we establish that NR(Q n R)
is a Sylow p-subgroup of N(Q n R). But this will follow in a similar fashion once we prove that Q n R is a maximal Sylow intersection with R. However, as we shall see in Section 4, Q n R is, in fact, a maximal Sylow intersection; that is, if Q n R < S n T, where S and T are Sylow p-subgroups of G, then
QnR=SnTorS=T.
We now turn to the critical definition of this section, DEFINITION 2.2. If R and Q are Sylow p-subgroups of G, then we shall write R -Q provided there exist Sylow p-subgroups Q1 ,..., Qn and elements x, ,..., x, of G such that (a) P n Qi is a tame intersection, 1 < i < n, (b) xi is ap-element of N(P n (I&), 1 < i < n, (c) P n R < P n Q1 and (P n R)Q-+ < P n Qitl , 1 < i < n -1, (d) Rx=Q, where x=xl*a*xn. If we wish to refer to the conjugating element x we shall say that R N Q via x. Thus, the relation R N Q signifies that R is conjugate to Q in a very special manner. Note that the$xed Sylozv subgroup P is involved in the definition i?t an important way. ( We should perhaps even write R wp Q instead of R N Q.)
In fact, the key idea of this concept is the "keeping track" of P n R in a series of conjugations. Indeed, we first pass from R to Rx1 where x1 normalizes P n Q1 which in turn contains P n R. This is followed by passage to Rxlxa where xs normalizes P n Q, which contains (P n R)"l, the image of P n R under the first conjugation. In particular, if R N Q then 1 P n R / < j P n Q 1 so that this relation is not, in general, symmetric. However, it is reflexive, as R N R for all Sylow p-subgroups R, and the first lemma we shall prove states that this relation is transitive. The purpose of this part of the paper is to establish that Q N P for all Sylow p-subgroups Q of G. This will yield our main theorem almost immediately. 
PnRGPnU,, P r-7 RI w.4 < P n Ui,l ,
Let n = s + Y and define
We shall establish that the elements xi and Sylowp-subgroups Qi , 1 < i < n,
give the relation S -0. All the requirements, except condition (c) of the definition, are clearly satisfied. Indeed, P n Qi is a tame intersection and zci is a p-element of its normalizer, for all i, as corresponding assertions hold for PnTi,PnUi,yi,andxi.Furthermore,if "=~~...x~,y=~~...y~, and z=,z~~~~x,., then Sx = 9" = R" = Q. Thus, we need only verify condition (c).
However, P n Q1 = P n Tl while P n S < P n Tl by (l), so that P n S < P n Qr . It remains to demonstrate the last part of the statement of(c) and we shall do this in several steps. First, suppose that 1 < i < s -1. In this case, we have by (1) and (3), (P n S)q-.rr = (P n S)vl--yt < P n Ti, = P n Qi+l .
Furthermore, as (P n S)~i...ys--i < P n T, and ys E N(P r~ T,) we have (Pn S)Y < P. But (Pn Sy < Sy = R, so (Pn S)?, < Pn A, which is (P n S)--$8 =(Pn S)v <P n R. (4) Hence, by (2) and (3) Proof. By the preceding lemma, insomuch as p N P, it will suffice to show that Q -p. Let xi ,..., X~ and Q1 ,...,Q,% be the elements and Sylow p-subgroups giving R N P such that x = x1 -a+ X, . We claim that Q -Q is also given by these same elements and Sylow p-subgroups. In fact, all the conditions required are clear except (c). However, P n Q < P n R, by hypothesis, and PnRGPnQ, as R-Q so that PnQ,<PnQl.
Furthermore, if 1 < i < n -1, then we have (P n Q)"l--x' < (P n Rp--xi < P nQ,+l , and the proof is complete. Proof. Suppose that R N P via x so that R" = P. We first show that p N P. Indeed, Pnp=R"n&"=(RnQ) so that lPnp/=I(RnQ)"I=/RnQj>/PnQ/.
Thus, Q -P, by our hypothesis with S = 8". However, we have assumed that R -P, so that the result will follow from the preceding lemma once we have proved that P n R >, P n Q. But PnR>Pn(RnQ)>Pn(PnQ)=PnQ and the lemma is proved.
LEMMA 2.4. If Q is a Sylow p-subgroup of G, P n Q is a tame intersection, and S N P for all Sylow p-subgroups S with 1 P n S 1 > 1 P n Q 1 , then Q-P.
Proof. If Q = P then Q -P so that we may assume Q # P. Hence, if P1 = N,(P n Q) then P n Q < PI. Furthermore, if Q1 = N,(P n Q) then P1 and Q1 are Sylow p-subgroups of N(P n Q). Let K be the subgroup of N(P n Q) generated by all the p-elements of N(P n Q) so that P1 and Qr are Sylow p-subgroups of K. Thus, there exists x E K such that Q1" = PI.
Letx=x,...
x, where each xi is a p-element of N(P n Q). If we set Qi = Q, 1 < i < 7t, then certainly P n Qi is a tame intersection. Furthermore, PnQ=PnQl and (PnQp-2n=PnQ=PnQi+l, a<i,<n-1, so that it is immediate from Definition 2.2 that x, ,..., x, and Q1 ,..., Qti yield that Q -Q". Moreover, so that Q N P by our hypothesis with S = p. Hence, Q -P by Lemma 2.1 and the lemma is proved.
We now have arrived at the goal of this section, a result which is in fact a strengthening of the conjugacy part of Sylow's theorem. LEMMA 2.5. If Q is a Sylow p-subgroup of G then Q N P.
Proof. We shall proceed by induction on the index 1 P : P n Q 1 . If this index is one then P = Q and certainly Q -P. We may now assume that Q # P and that S -P for all Sylow p-subgroups S of G with 1 P n S 1 > j P n Q 1 . Therefore, part of the hypotheses of Lemmas 2.3 and 2.4 are already verified.
Let S be a Sylow p-subgroup of N(P n Q) containing N,(P n Q) and let R be a Sylow p-subgroup of G which contains S. Therefore, PnR>PnS>N,(PnQ)>PnQ, since PnQcP, so that RNPviax.
Thus, since PnRaPnQ and R -P via x, Lemma 2.2 shows that we need only establish that p .-P in order to deduce that Q -P.
This we shall now do.
First, (P n Q)" < Sx < P so that Pnpb Pn(PnQ)*=(PnQp.
However, if 1 P n p 1 > 1 P n Q 1 then 8" N P by induction. Thus, we may assume that \Pn_O"I =\PnQI so that jPnQZj=j(PnQ)zi and Pnp=(PnQp.
We now claim that N,(P np) is a Sylow p-subgroup of N(P n p). Indeed, S is a Sylow p-subgroup of N(P n Q) so that Sx is a Sylow p-subgroup of (N(P n Q)>". Hence, Sx is a Sylow p-subgroup of N((P n(p) = N(PnQ%).
However, Sx < p = P so that Sx < N,(P n Ox). But N,(P n p) is a p-subgroup of N(P n p) containing the Sylow p-subgroup S" of N(P n Q"), so Sx = N,(P n ,p), and our assertion holds.
Let T be a Sylow p-subgroup of N(P n Q") containing N&P n p) and let U be a Sylow p-subgroup of G which contains T. We claim that it suffices to show that U N P to complete the proof. In fact, P n p <p as
Thus, once we show that U N P we may apply Lemma 2.3, with U and Q in place of R and Q of that lemma, and deduce that p N P.
However, P n U > P n T > P n p so if P n U > P n p we are done by induction. Hence, we may assume that P n U = P n p. In this case we shall conclude with an application of Lemma 2.4. First, T = NdP n Q") by the choice of T and U. Thus, since P n Qz = P n L/', we have that T = Nu(P n U) is a Sylow p-subgroup of N(P n U). On the other hand, N,(P n U) = N,(P n 0") is a Sylow p-subgroup of N(P n U) = N(P n p), as we have seen above. Thus, P n U is a tame intersection.
Finally, 1 P n U 1 = / P n Q / so that S N P for all Sylow p-subgroups S with 1 P n S j > 1 P n U 1 and Lemma 2.4 is applicable and U N P. This completes the proof.
THE FUSION THEOREM
We shall state and prove the following.
MAIN THEOREM. If A and B are nonempty subsets of the Sylow p-subgroup of the group G and B =Ag for some g in G, then there exist elements xl ,..., X~ and Sylow p-subgroups Q1 ,..., Qn of G and an element y of N(P) such that (1) g = xr *** x&v, (2) P n Qi is a tame intersection, 1 < i < 12, (3) xi is a p-element of N(P n pi), 1 < i < n, (4) A is contained in P n Q1 while Axl*..xi is a subset of P n Qi+l, l<i<n--I.
Note that in addition to (4) we have Azl.*+ < P as xn E N(P n QJ and AZ1..."n-l < P n ,O, . This result describes in detail how the conjugation of A into B by g may be accomplished in a sequence of steps. Moreover, we not only have Ag = A"l*.. zny but even the equality (1). The theorem mentioned in the introduction may be easily derived from this result (and we shall do so in the next section) by taking A and B to be one-element subsets and ignoring other refinements.
We should like to make two other observations before beginning the proof. First, only the element y need not be a p-element. Second, each of the tame intersections P n Qi is not the identity subgroup unless the subset A consists only of the identity element of P, in which case, the theorem is of no interest. (It specializes to the Frattini argument applied to the subgroup of G generated by all the p-elements.) Thus, we only require the special case of Lemma 2.5 in which P n Q # 1. This in turn follows from the form of Lemma 2.4 in which P n Q # 1. However, the fact that we need only these slightly weakened versions would shorten none of the proofs.
Proof. The containment A < P implies that As < Pg so AS < P n Pa as -4s = B < P. Hence, A < P@ n P. By Lemma 2.5 there is x in G such that Pg-l N P via x. (Here we are letting P be the Sylow p-subgroup P fixed in the preceding section.) Let x, ,..., x, and Q1 ,..., Qn be elements and Sylow p-subgroups of G giving Pg-l N P such that x = x1 *mm x, . Thus, pg-lx = p, as p9-l N P via x, so that if we set y 2 x-lg then y E N(P). We now claim that the elements x r ,..., X~ and y and Sylow p-subgroups Qr ,.,., Qn suffice for the proof.
First, g = x(&g) = x, me* xv&y so (1) is fulfilled. The next two conditions are also satisfied by choice of the elements x, ,..., x, and Sylow p-subgroups Q r ,..., Qn . Finally, A < P n Pg-l and P n Pg-l< P n Q1 since Pg-' N P via x. Similarly, for 1 < i < n -1 and the proof is complete.
The idea of this proof may serve as further motivation. Suppose that g is some element of G. Then Pg-' n P and P n Pg are conjugate subgroups of P which are clearly conjugate in G but are not obviously conjugate in a series of steps of the type we desire. The proof shows that this may be accomplished by conjugating P#-' into P in a prescribed manner and that the general case of two conjugate subsets A and B then follows.
APPLICATIONS
First, we shall prove the weak form of the Main Theorem mentioned in the introduction. 
Proof.
Let P* be the subgroup of P generated by the subgroups described in the statement of the theorem so that P* is certainly contained in P n G'. Indeed, [P, N(P)] < P n [G, G] = P n G' while [H, x] < H n N(H') < P n G'. The focal subgroup theorem described in the introduction shows that P n G' is generated by all elements of the form a-lb, where a, b E P and a and b are conjugate in 6. Thus, we need only show that each of these elements a-lb lies in P*.
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However, suppose that b = no for g E G and choose x, ,. .., x%, y and Q, ,. .., ,Qn in accordance with the Main Theorem. Let m, ai , 1 < i < m, and Hj , 1 <j < nz -1 be defined as in the proof of the previous result. Thus a-lb = (a;'~~) &%J ..a (u&z,,).
We shall conclude the proof by establishing that @zi+, , 1 < i < m -1, lies in P*. Indeed, if 1 < i < m -2, then
as xi is ap-element of N(H,) and Hi = P n Qi is a tame intersection. Finally, An immediate consequence of the theorem is the following: COROLLARY 4.3. If P is a Sylozu p-subgroup of the group G nnd P* is a proper subgroup of P n G' then there k a subgroup H of P such that [H, N(H)] 4 P*.
Several weak forms of the above theorem are also of interest. COROLLARY 
If P is a Sylow p-subgroup of the group G then P A G'
is generated by all the subgroups PIT N(H)' us H ranges over all the nonidentity subgroups of P.
Proof. Let P* be the subgroup of P generated by all the subgroups P n N(H)' described in the statement of this corollary. Certainly we have P* < P n G' as P n N(H)' ,( P n G' for each subgroup H. On the other hand, Theorem 4.2 gives us a set of subgroups which generate P n G' so that it will suffice to show that each of these is contained in P*. But [P, N(P)] < P n N(P)' while if H = P n Q is a tame intersection, where Q is a Sylow p-subgroup of G, and x is a p-element of N(H), then [H, X] < H n N(H)'. Th us, if H = 1 then H n N(H)' = 1 and if H # 1 then H n N(H)' < P n N(H)' < P*. COROLLARY 4.5 (Grun's first theorem). If P is a Sylow p-subgroup of the gpoup G then P n G' is genemted by P n N(P)' together with all the subgroups P n Q' us Q mnges over ull the Sylow p-subgroups of G.
Proof. We proceed as in the above argument. Again P n N(P)' and P n Q', for any Sylow p-subgroup Q of G, are contained in P n G'. Thus, it suffices to show that each subgroup [H, x] , where H and x are as in the statement of Theorem 4.2, is contained in one of the subgroups P n Q'. However, the subgroup R of N(H) g enerated by H and x is a p-subgroup, as x: s a p-element of N(H). If Q is a Sylow p-subgroup of G which contains A, then [H, X] < H n R' < P n 0' and the lemma is proved.
Our next application is the proof of a strong form of one of the standard results which gives conditions sufficient for the existence of a normal p-complement. 
If P is a Sylow p-subgroup of the group G and N(H)/C(H)
is a p-group for each nonindentity subgroup H of P, then G has a normal p-complement.
The author has been informed by H. Wielandt that he has obtained this result, and the above ones on p-quotient groups, by other methods (in unpublished work).
Proof. In view of Tate's theorem [9] , it suffices to show that P n G' < P'. By Theorem 4.2, it will be enough to show that [H, N(H)] < P' for all subgroups H of P which are tame intersections of P and a Sylow p-subgroup of G. (Recall that P itself is such a subgroup so that we will also have P n N(P)' < P'.) H owever, if H is such a subgroup, then N,(H) is a
Sylow p-subgroup of N(H), by the definition of tame intersection. Since !V(H),/C(H) is a p-group and N,(H) C(H>/C(H) is a Sylow p-subgroup of N(H)/C(H) it follows that N(H) = N,(H) C(H). Hence
and the proof is complete. We now turn to two theorems of Burnside [4] , the first of which we mentioned above as motivation for the method of proof of our main theorem. Even though Burnside's result is very simple to prove directly, we shall show that it does follow from our general methods. Proof. Suppose that B = A@ for g E G. Thus, as A is normal in P, we have that B is normal in P@ as well as in P so that P and P@ are Sylow p-subgroups of N(B). Applying Lemma 2.5 to N(B) we have P@ N P, where the ALPERIN relation is relative to P. In particular, it follows that Per = P for some x E N(B) so that gx EN(P) and Agx = B" = B and the lemma is proved.
This proof does no more than replace, in the usual argument, the use of the conjugacy part of Sylow's theorem by Lemma 2.5.
The other result of Burnside that we shall derive is THEOREM 4.9 (Burnside).
If K is a normal subgroup of the Sylow p-srcbgroup P of the group G and K is a non-normal subgroup of some other Sylow p-subgroup of G, then there is a subgroup H of P corztaining K such that K is not normal in N(H) and the number of conjugates of K in N(H) itz relatively prime top.
Proof. Suppose that K is a non-normal subgroup of the Sylow p-subgroup Q of G and that Q = P@ for g E G. Therefore, Kg is a non-normal subgroup of Qg = P. Hence, K and Kg are subgroups of P conjugate in G so that we may choose elements x1 ,..., X~ , y and Sylow p-subgroups Qi ,..., Qn , in accordance with the Main Theorem with A = K and B = Kg', such that g = x, *-a A&y. But Kg is not a normal subgroup of P; so neither is KM1 = KxI..."~, since y E N(P). Thus, if we define K,, = K and Ki = K"l..."j, 1 < j < n, then we may choose an integer i, 1 < i < n, such that Ki is normal in P and K,+l is not. Let Hi = P n Qi so that His a tame intersection, xi+i E N(H,) and K;i+l = K,+l . We claim that Ki is not normal in N(H,) and that the number of conjugates of KS in N(H,) is relatively prime to p. In fact, Ki and K,+z are conjugate in N(H,) and Ki # Ki, , as one of these subgroups is normal in P and the other is not, so Ki is not normal in N(HJ. Furthermore, Ki is normal in P so Ki is normal in N,(H,) which is a Sylow p-subgroup of N(H,), since Hi = P n Qi is tame. Thus, the index in N(H,) of the normalizer in N(H,) of Ki relatively prime to p and we have established our assertion.
Finally, K and Ki are normal subgroups of P conjugate in G so, by Theorem 4.8, there exists u E N(P) such that Ki" = K. Let H = Hi" so that K < H < P, K is not normal in N(H) and the number of conjugates of K in N(H) is relatively prime to p.
The last theorem of Burnside has been strengthened in several ways (see [7' j, p. 46 and also [.5]). However, we have been unable, as yet, to obtain these stronger forms from our methods. Such an accomplishment might lead to some interesting results.
The next theorem is also easily proven directly but we shall derive it from our general theorem. THEOREM 4.10. If P is a Sylow p-szcbgroup of the group G and P irztersects any other Sylow p-szrbgroup in the identity then any two elements of P which are conjugate ifz G are conjugate in N(P).
Proof. Let a and b be elements of P with b = ag gor some g in G. Choose elements x1 ,..., x, , y and Sylow p-subgroups Q, ,...) Q,, as in the Main Theorem with A = a and B = b, so that g = x1 .a. x,y. It is clear that we may assume a # 1 so that each intersection P n Q , 1 Q i < n, is not the identity, in as much as a E P n Q, and axl...xi-l E P A Qi , 2 < i < n. Thus, P = Qi , by our hypothesis. However, the p-elements of N(P n Q,) = N(P) are precisely the elements of P so xi n P, 1 < i < n. Hence, as y E N(P), it follows that g = x1 *.a qy E N(P). This completes the proof.
Our last application is the following: THEOREM 4.11. If P and Q are distinct Sylow p-subgroups of the groups G and P n Q is a maximal Sylow intersection with P, then a?ty co+gate of P n Q which lies in P is a conjugate in N(P).
As we remarked in Section 2, P n Q is a maximal Sylow intersection since P n Q is a maximal SyIow intersection with P so that this theorem is just the corollary given in [I] . We now supply the proof that P n Q is a maximal Sylow intersection. We argue by contradiction and assume that R and S are distinct Sylow p-subgroups of G with P n Q < R n S. Let D = P n Q, E=RnS,F=N,(D),andH=Np(D),sothatD<FandD<H.By Sylow's theorem, applied to N(D), there is x in N(D) such that the subgroup K which is generated by H and Fx is a p-subgroup. We claim that R is a subgroup of P. Indeed if it is not and if T is a Sylow p-subgroup of G containing K, then P f T. However, P n T > P n K > H > D, which is a contradiction. Hence, as K < P, it follows that Fx < P so that P n Rx 3 Fx > D and P n Sz > F" > D. Therefore, as either P # Rx or P # S", we have a contradiction. This remark we now state as a PROPOSITION. It P and Q are distinct Sylow p-subgroups of the group G and P n Q is a maximal Sylow intersection with P then P n Q is a maximal Sylow intersection.
We now prove Theorem 4.11.
Proof.
Suppose that (P n Q)g < P for g in G. Choose elements q,...,x,, y and Sylow p-subgroups Q1 ,,.., Qm of G, such that g = .x1 *a. x,y, in accordance with the Main Theorem with A = P n Q and B = (P n Q)". We sh-all prove, by induction on i, that (P n Qp. .-Xi is conjugate to P n Q in P. This will suffice for the proof since y E N(P).
First, suppose that i = 1. In this case, P n Q < P n Qr so that either PnQ=PnQ,, or P=Q1.
In the first case (P n Q>"1 = P n Q, as x1 E: N(P, n Qr), and in the second case x1 E P since x1 is a p-element of N(P)-Suppose that our assertion is true for i = K, K < 1z and that (P n Q)"'-"" = (P n Q)" where t E P. We first establish that P n Qt = (P n Q)" and P n Qt is a maximal intersection with P. The last part of this assertion is clear; indeed, since P n Q is a maximal intersection with P it follows that Pt n Qt = P n Qt is a maximal intersection with Pt = P as t E P. On the other hand, (P n Q)" = (P"" n Q)" = P n Qt.
Thus, PnQt =(P nQ)" =(PnQ)z+xk < PnQ,,, as R < 71, by condition (4) of the Main Theorem. Hence, P n Qa+1 = P n Q" or P n Qk+l = P. In the first case. (P n Qt)%k+l = P n Q" as ++I E fV(P n Qk+J while in the second case xk+r is a p-element of N(P) so .z"~+~ E P and (p n Q)21..;m+l = (p n Q)%+l is conjugate to P n Q in P. This completes the proof.
CONJUGATION FAMILIES
It is natural to ask whether there are sets of subgroups, other than the tame intersections, for which a result similar to the Main Theorem will hold. It is the purpose of this section to give a general criterion for the existence of such subgroups. Furthermore, we have several applications in mind. First, we shall show how Grun's second theorem is a consequence of these general considerations. Second, the work concerning fusion and transfer [2] depends on these results.
Given a class of subgroups of a Sylow p-subgroup it is rather clear how to define a relation "N" for these subgroups. If one then attempts to carry through the development of Section 2 then Lemma 2.4 is the only obstacle. This idea motivates much of what now follows.
Throughout this section G will denote a fixed finite group, p a prime divisor of 1 G / and P a fixed Sylowp-subgroup of G. DEFINITION 5.1. A fa&'y is a collection of pairs (H, 2') where I$ is a subgroup of P and T is a subset of N(H).
Note that this concept, as well as several to follow, depend entirely on the special nature of P. We shall also say that R -Q via x.
In section two we dealt with the family Ft of all pairs (H, T) where H is a tame intersection of the form H = P n Q and T consists of the set of p-elements of N(H). We shall now generalize the results we obtained to other families. The proof is merely a step-by-step modification of the proof of the Main ALPERIN Theorem, as given in Sections 2 and 3. Therefore, we only sketch the proof, noting the changes that need to be made.
First, Lemmas 2.1, 2.2, and 2.3 hold as long as the symbol "w" is interpreted as "w, with respect to F." The proofs carry over with little modification. Each reference to a Sylow p-subgroup Qi , tame intersection P n Qi , and p-element xi of N(P n QJ must be replaced by a reference to an element (Hi , Ti) of F and element xi of Ti , Furthermore, the proof of Lemma 2.1 must be divided into two cases: S = R or R = Q and S # R, R # Q. The first of these cases is trivial and the second proceeds as in the proof of Section 2. The reason for this change is that in Definition 5.2 we gave two conditions, either of which defines Q N R, while in Definition 2.2 there was only one possibility. The next step is to redo Lemma 2.5. Again the proof proceeds as before with the above changes being made. However, the one reference to Lemma 2.4 must be replaced by mention of the definition of an inductive family. This is the only place where such a reference need be made. Finally, the proof of the Main Theorem, as given in Section 3, can be readily generalized to the present situation.
Similarly, one may derive many theorems as applications of the new form of our Main Theorem, in the same was as we proceeded in Section 4. The interested reader may easily state and prove these results. We shall limit ourselves to stating a result which is the analog, for general conjugation families, of Corollary 4.3. The proof is immediate from the suitably generalized 'form of Theorem 4.2.
COROLLARY. Let P be a Sylow p-subgroup of the group G and let F be a conjugatiort family. If P* is a subgroup of P and [P, N(P)] < P* < P n G then there is an element (H, T) ofF such that [H, T] 4 P".
We now proceed to define several families and discuss their properties. Proof. Throughout this proof, the symbol "w" shall mean "M, with respect to F, ." Let H = P n Q be a tame intersection, where Q is a Sylow p-subgroup of G such that S N P for all Sylowp-subgroups S of G for which I@ n S 1 > 1 P n Q 1 . We need only show that Q N P. However, in view of Lemma 2.1, as generalized for the family F, and as P N P by definition, we may assume that Q # P and need only show that Q N R for some Sylow p-subgroup R of G for which 1 P n R 1 > / P 17 Q 1 . Indeed, this being the case, it follows that Q N R and R -P; so Q -P.
First, suppose that C,(H) < H. We then proceed as in Lemma 2.4. Let Let PI = N,(H), Q1 = N,(H) and choose x E N(H) such that Qiz = PI. We may do this because P n Q is tame. Since (H, N(H)) I? F, , we have thas Q N R". However, Qx >, Qix = PI so that P n Q" 3 PI > H, and H < P. Proof. Let A and B be subsets of P with B = As for g in G. By the second form of the Main Theorem and Theorem 5.1 we know that Fc is a conjugation family. Therefore, choose elements (Hi , Ti) EF, , 1 < i < II?
and elements xi , y, 1 < i < n in accordance with the definition of conjugation family such that g = x1 **. xj,y. Let ii ,..., i,, be the integers i, 1 < i < E, in increasing order, such that xi $ C(H,). For such i, (Hi , TJ EF~ since Ti 4 C(H,) implies that C,(HJ < Hi .
In order to complete the proof it will suffice to choose elements (Kj , U$) of FL and elements wj , v of G where 1 < j < m and m is as above? such that 
Proof.
Let a and b be elements of P such that as = b for g in G. We apply the previous theorem and choose elements (Hi , TJ of FL , 1 < i < n and elements x1 ,... , .x~ , y of G fulfilling the definition of a weak conjugation family with A = a and B = b so that a"r..."n L Y = b. We claim that each xi and y are elements of N(Z(P)); this will suffice for the proof. Indeed, certainly y E N(Z(P)) as N(P) < N(Z(P)), while xi E N(H,). But C,(HJ < H, , so Z(P) < Hi. Thus Z(P)"i < Hi < P, so Z(Pyi = Z(P) since Z(P) is weakly closed in P.
COROLLARY 5.4 (Grun's second theorem).
If Z(P) is a weakly closed subgroup of the Sylozu p-subgroup P of the group G then P n G' = P n iV(Z(P))'.
Proof. We know, by the focal subgroup theorem, that P n G' is generated by all the elements a-lb where a, b E P and a and b are conjugate in G. However, by the previous result, a and 6 are conjugate in N(Z(P)) so a-lb E P n N(Z(P))'.
Th us P n G' < P n N(Z(P))'. Finally, the reverse inclusion is obvious and the corollary is proved.
We remark that the last two results are easy to prove directly; we have just illustrated our methods. The applications of section four, as generalized for F, and Fk are more interesting.
We shall conclude this section with one further example of a weak conjugation family. This result is motivated by Theorem 4.7, the theorem of Frobenius. Let Fp be the family of all (H, N(H)) where His a subgroup of P for which N(H)/C(H)
is not a p-group or H = P. We then have the THEOREM 5.5. Fp is a weak conjugation family.
Proof. In view of the Main Theorem in section three and the definition of a weak conjugation family it suffices to prove the following assertion: If A and B are subsets of a subgroup H of P for which N,(H) is a Sylow p-subgroup of N(H) and B and B are conjugate in N(H), then there is a subgroup K of P such that H < K, (K, N(K)) EF~ and A and B are conjugate in N(K).
Indeed, this being the case, the sequence of conjugations performed in the Main Theorem can be replaced by a sequence of conjugations given by F, . However, if N(H)/C(H) is not a p-group then (H, N(H)) ~17~ and we may take K = H. Suppose that N(H)/C(H) is a p-group. Since IV,(H) is a Sylow p-subgroup of N(H) we then have that N(H) = C(H) -T,(H). As C(N) centralizes A, it follows that A and B are conjugate in -IF(H) and so they are certainly conjugate in P. Thus, in this case we take K = P and the proof is complete. 6 . CONCLUDING REIIURKS It seems not to be clear whether there is a relation between the IlallWielandt theorem ( [7] , p. 211) and the methods developed here. Both results lead to many of the same applications. However, the Hall-Wielandt theorem is based upon a detailed analysis of transfer while we need only the relatively weak focal subgroup theorem. Perhaps some synthesis of these two approaches is possible; this would certainly be desirable.
The role of Sylow intersections seems to be crucial i.n the above results. These intersections appear again and again in group theory and it is natural to ask if there are connections between our work and these other results. For example, defect groups are always tame intersections [6] . However, it is not true that the family (0, N(D)) of all defect groups D contained in a Sylow p-subgroup P is a conjugation family or even a weak conjugation family, as the symmetric group on four letters shows for p = 2.
Nevertheless, it is reasonable to expect further relations to be established between Sylow intersections, fusion of p-elements, and transfer.
